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Using Stokes’ Theorem to Find Line Integrals
In Exercises 1-6, use the surface integral in Stokes’ Theorem to calcu-
late the circulation of the field F around the curve C in the indicated
direction.
4. F=(02+20i+ 2+ 295 + (2 + yHk
C: The boundary of the triangle cut from the planex + y + z = 1
by the first octant, counterclockwise when viewed from above

Sol) Flruy, ) = ¥4 297 + (5% 297+ (< )R

] T k
el =| = ;—7 2 | = (2y-22)T = (2x+22) T + (2x+20k,
y'L_er Xz xz_’_y'g
= S 5 L
Let Ty =xtyrz2,; 7Fxy, D= T+5+%; n=io5 = G+ T k)

col Bt = 3 ((2y -22) - (2x+22) + (2x+29)) = O

. §F-J?=§§OJG l‘O//
c s



Flux of the Curl

8. Let n be the outer unit normal (normal away from the origin) of
the parabolic shell

S: 4x2+y+22:4, vy =0,
and let

_(_ 1. 1 1
F—<z+2+x>l+(tan .V)‘]+<x+4+z>k.

Find the value of
// V X F-:ndo.

S

g ) F‘(x y,z) = ( Z+2+x)7, + (toan' y)3+

(x+ ++z)k

b T

LN 2 -3
Ow‘l: =1 2x

92
~Z+7%  te'y ><++ 2

Let Ty, z)=4%+y+ 2, 75 xy, = 3T+ 5+2z2%; |Uf.3]=1

I
ol = ,[%”,AA- [v+]dA; =—VV'*2 17 %) (QM* i +227) |
CulF T de :(( 2j)- \Vfl (g + 2 _l?)) [v£]dA = -2da
. Yerlpmds = -2 A 2¢4]
S R

Let {X=P°°5(7- ,whae P20 wd 0SG<2T. Thun X422 <4 & PR3,

2= JPsine¥
R={(r.o)elo,dxfom) | C< 1]
A(x.2) _ | Cos®» ~PSml D(x.2)
—= = 2P =
2(P.6) el QP%@», P 2(P,0) 2

" ﬂ—l dA = —251:5$2/°JPJ(§“ = ~2-2n'12~+7r//
R



Stokes’ Theorem for Parametrized Surfaces
In Exercises 13—18, use the surface integral in Stokes’ Theorem to cal-
culate the flux of the curl of the field F across the surface S in the di-
rection of the outward unit normal n.
16. F=(x— i+ (y—2j+(—xk

S: r(r,0) = (rcosf)i + (rsin@)j + (5 — rk,

O0=r=5 0=60=2nw

Sol) Flx,y,2) = [x=y )T+ (y-2)7+(2-x)k.

ik
B =|2x 37 32 (= (0-0-0DT = (~1-0)T +(0--DKk =F+T+%

A VCASG’_';"'YSiw(‘)’:'T-HS—r)iJ where OCVv ¢S and O§(9’<2ﬂ_

‘T}rthb") = cos & .{+ s/n@’:i;"i)' E(‘C(ﬂ =-Fsinl _'::"'Yc,osG’:'s=
i3k
- —~
Fo* ve= | cos® s —| |= LO—YcoSO') q —*(O—YSM”)—; gl (_Y cos 0+ Y‘Sih‘(‘)’)‘i
-sin® reos@ @)
- N
= -vcosl i + ysyd ) + Y'Q_

A

CrlF Rde =l B -(r,x 7, )drdor=(F +T+ R (creost T4 rss T+ ) deder
= (—\rcoSO’-P rshd + Y)JNU’

P Sg&ﬂﬁ_ﬁolc‘: j:rgz (—YCoS("-f' rsmd + Y)JV\JU’ u(gin(—casd'+ SW+1)JD‘)-[S§rJy)
S

27 2.5 25 -
= [‘s'lﬂ[,"OOSﬂ"f’U’];-[{?]o =2n-2 = lbﬁ‘//



Theory and Examples
26. Zero curl, yet field not conservative Show that the curl of

-y - X Lok
i j+z
eI FERNI

%F-dr

C

F:

is zero but that

is not zero if C is the circle x> + y? = 1 in the xy-plane. (Theo-
rem 7 does not apply here because the domain of F is not simply
connected. The field F is not defined along the z-axis so there is
no way to contract C to a point without leaving the domain of F.)

~ - =1y N % - D
Sol) Rlxyz)= [x‘+y=)i + (W )T+ 2 k.

ry [N E
1 J
= 2 2 2| - = (UMYX i) -y )\
&ffl l: = ?;C 3)(7 22 - (@‘0) (A —'(O—O)J+( Lxl_‘,yx)z —'L‘ Lxl_,,yg;{ ZZ)))K:O//'
g

On Hhe othey hud . [0t T8 = cos® T+ sin@T, whesre 0 €0 <T7.
TI(H) =-sinGT+cos 7 ; F(?[O‘)\:—Sinﬁ’—{4—(:os(9’?.
Flr) T =Csin®T+cos §3) (-sin0T+cos§7) = sin’(H+ cos’ =1 |

c A_.,_'TY _
..%Fﬁr—ﬁéﬁ—iﬂioy
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Calculating Flux Using the Divergence Theorem
In Exercises 5-16, use the Divergence Theorem to find the outward
flux of F across the boundary of the region D.
10. Cylindrical can F = (6x% + 2xp)i + (2y + x%2)j + 43’k
D: The region cut from the first octant by the cylinder X2+ y2 =
4 and the plane z = 3

So\)?(x,y,a = [éx+2x/)z + (2/+>< z)J+ (&X 73 k.
Wiv E)yz)= 26w +2xy)+ S (2y+Xz)+ S (XY ) = 12x+2y+ 2.
Using chrern'ml owordinates D = {r,0,2) | 0sr<2:0¢0¢% : 0s2¢3}
ord v B)00,2)= 12vcostr+ 2y sind 2
Q\/ D;Wj},m Theoyom, gKDF-?TJs“ = Xg V-FoV = fi)fj: (12rcos &+ 2 vsin® + D) (r dy df- dz)
= ngz)[(ﬁwew} (65 (22dr) + (Esined) (209 + (2463 (1 2rd)]

=20.32+0-5+Z-4)= nasen



14. Thick sphere F = (xi + yj + zk)/Vx? + y? + 22
D: Theregionl = x*> + y> + 22 = 4

S

- x - Y Z
Sol) Fx,y, 2)= (Fagms)i + (Trye) T+ (s ) k.

x Y Z
v Fly2)= Sy + S (v )+ 5 (Ferys)

= bz () L )+ (=2 ) A - v T {2 ) - 2 e

=l 3y - ) =R

Using  spherical  coordinates, D = {tpe.on|1sp<2.0<4 <77 2 0c0r<arm}
od Un )P EN= 5

"o By Divergunce Thenyom, $SF746° = LN = L1 G Snbdrds 4

= (o) ($osintde) (§2pdp) = 27 (23> = 27,



)%
16. Thick cylinder F = In(x? + y?)i — <22 tan” ";)j +
2V x? + yz k

D: The thick-walled cylinder 1 = x? + y? =2, —-1=:z=<2

Sol) Flxy,2)= (In 0 v2))3 = Z (%) )T+ (2W)ﬁ_

(Jiv?—)(X,y/Z):%Un(XL*YD-ﬁ ("’Zfa;‘y))wc (2 x=y?)

. 2x 23 A 2x-22

= ot TR T xR = S e

Ug;n& c\/lfndrn‘ml cvordnates D= {trﬂ,z)\ | SYS[F50L@ T -1 2<2 ¢

2 Ycaxﬂ' 1z

ord UvE) o 2)=

' By Divergumce Theoroun, 9 F-7146 = %2‘ VRV = [ T[22 | Y dvdode)

:2&&2} (Sz:cos&o‘[ﬂ (Fdr) -2 6:2 dz) (fd(ﬂ (gff% dv) + G:‘ﬁ)(f:w} (f 40

=0 -2%97 niz+ 320 (%) = (G2t 2s- ),



Properties of Curl and Divergence

20. If F = Mi + Nj + Pk is a differentiable vector field, we define
the notation F - V to mean

M*JerJrPf
ax

For differentiable vector fields F; and F,, verify the following

identities.

a. VX (F X Fy) = (F,:V)F| — (F;-V)F, + (V- F)F; —
(V-F)F,

b. V(Fl ‘Fz) = (F;- V)Fz + (Fz'V)F[ + F; X (VX Fz) +
F, X (VX F))

SN0 Let Blay,z) = M bya)T +N'or.2)3 + Plxy,adk

Elxyz) = Mna)T +Npor )3 + Playadk

1 J I3
WE«F =M NP = (NP-NP)T+ (MP« MY+ (MN - MY R
AU Vol -
3 3 k
LHS= YAIGRIAE e 3 =

N'P* - NP -M P+ MP MN-M N

=[N~ M N~ (M P+ MP)M
- TN MN) (N'P*- N°P! L
TIEM P+ MTP)- (VP - NP, TR

= [ MN-MN'+ M- MON = (Mp s MEP') ~ (M P MTR)TS
~TMN - MEN + MING = M = (NePE- NG = (N'PE- NPT
tMP VP -ME+ MR - (G- NGP) -~ (V'P-N'RITK



RHS: B -WIE) = (M H+ N3+ 2) (M3 +N'3 + P'E)
= (M Mt N'My =P MO T+ (MING+ NINY < PND) T+ (M Pt NPy« PRI
E-D)E) = (M Z+N'S+P'Z) (M3 + N3 + PR)
= (MMt N My P MDT + (M N3+ NNG PN T + (M Pt N'PY PP R
(V-E)F. = (Mo+N; +PLY (M7 +N'3 + P'E)
= (MM NG M PEMO T o+ (M N+ N N's P2 NYDT + (MY P+ N3 P's P2 PR
(T-BVE = (M+Ny+Py) (M3 +N3 + PR)
= (MM NG M P MO S o+ (M NG N'e P N+ (MG P N Pe Py PR
S RHS= EBWE)-E-WE)+(U-R)F - (VB E
= [(M}ﬂ% NM P M T + (MINS+ NN < PN S + (M Pt NP, PEOR]
_R Wt N MYP' Ma) T+ (MONS+ NANG « PN T+ (M Py N PY +P'p;)j:]
o LM NG M3 PIMYE (ML N NpI's PR NG + (ML P NG P Py PR
= M0 £ M P VD E -+ (MG N P NS (MG P Ny P Py PR
[ MN - MN + M~ MNG = [(M e MEP) — (M P MRS

= MM MN o+ MINGMEN -(NGPE-NGP) -(IN'PE-NTR)TT =LHS,
TLMP+ MEP =M B MR - (P -NGP) - (V'R - NR)TR



(b) LHS = T((M'T+N'3 + PR)-(MT +N'T PR) = DU MM+ NN+ PP
— (M(Mz_f_ N|N1+ PlPI)X? + (M(Ml-f' N|N1+ PlPx)y_J:; + LMIMz"{' N‘Nz'l' P|Pl)zf
= [MM+ NN+ B P+ MM+ N'N# PRO)T
+ MM+ N,‘NZ+ PP+ MM+ N'Ny+ PP T
+ (MM + NN+ PP+ MMi+ N'Ne+ PR &
RHQ' C;,-‘V)(Ez) :(Ml _';)E-f- N|§;/+Fl%) (M’--i s Nlj + Pz.‘z)
= (MMt N My P'MRT + (MG NUNG PN+ (MU Pt NPy =PRY)
EVIE) =M E+ N3P (MT N3+ PR)

= (MMt NTMy = PP T o (MPNt NN < PNGYS 1 (M P NPy < PP

i 3%
V«E=}?—x 5 5= E-N)T+-RmD T+ (G- M)
AN Vol o
73 X
Pr(e)= m o ow P s (NNG-NM PR P
Py-Ne -PAMy N M

= (M'NG-M'My = PPy P'NE) T+ (-MP+ MME NP+ N'NGY R
1 3 3
oo
Fy“ Nz - F;-I'M(z N,I‘- M)(,
= (M'Nx=MMy = PPyt PNR)T + (-MPet MMz -NP) «N' N3 ¥

£ (G} = (NN, N PP P M)




S Rig= B WE) + BB+ (V< B) + Fox (Ux )
= (MMt MG <P + (M')@ NN <N + (M7t NPy - PRE
(M M NPT 1 (R NN PN T (ME+ NPy PP
+ LN'Ni—WW‘P}P'M;H ‘(WE-M'M§-P'P§,+ PRE)T+ (5w MV -NF + NNDYE ]

+ [N R P PE)T — (Rt - PPy + )T+ H\w MV NPy N NDE

4

=LHS .

[l

(MM+ NIN+ BP 4+ MM+ NN+ P'RT
+ MM+ NN+ B P+ MM+ N'Ny+ P'P)) T
+ MM+ NN+ PP+ MMt NN PRE)



Theory and Examples

23. a. Show that the outward flux of the position vector field F =
xi + yj + zk through a smooth closed surface S is three times
the volume of the region enclosed by the surface.

b. Let n be the outward unit normal vector field on S. Show that it
is not possible for F to be orthogonal to n at every point of S.

Sol) ) B (x,y,2) = x7 + Y THzk.
Un Py =%+ Fly)+Z @)=3
! By Diverguuce Theoroms, ST = WOFN  hore D ic ths ragvn bl 1y €.
= 2o =28
V=30l (Dy,,
U’) SU{JPW, on The Oon‘trnvy , Eois OV‘fijovm[ to ® ot Syvery P”‘W‘? of S,
Thu @)y 23y= 0, For oy Ky D65,
C SEade=(Sods =0
3 S
On the othur haud . by (), ESSF-;AE,-: 3L\ D) =6

. Conluadiction arises. Thudae, T Comet be M‘rmjom[ to n ot every polit of S.



27. Harmonic functions A function f(x, y, z) is said to be harmonic

in a region D in space if it satisfies the Laplace equation

2 2
Vif = vevf = f+ ]

— — 0
a? oz

throughout D.

a. Suppose that f is harmonic throughout a bounded region D
enclosed by a smooth surface S and that n is the chosen unit
normal vector on S. Show that the integral over S of Vf - n,
the derivative of f in the direction of n, is zero.

b. Show that if f is harmonic on D, then

.//fvf'“d" :'/b//Wf'de'

Sol )(a) Since T is haramic . div(VEY=0
: ade = YSdiv( = -
B/ Divergunce Theoroum, fSSM) 6 SYD V5)olv EIDSOJ\/ 0.
- ade = JSdiv($Us)dv
“0) B\/ Dlverj/n/lu Theerom, SSS(JJ:V:F) 6" X{) )

where S5V = diy (F & Tt5 T 3+ 5 Z %)

S
=36 FH6 FHEB)

= 535 20 35) | B8 B 0]
= 0+ v

= [vs*

§Seve)ade = Tsdul5v)dv = Jsivstay
S D D Vi



